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We construct two non-isomorphic groups G
and Q of order 96 which have isomorphic ta-
bles of marks, but such that the centre of GG
IS mapped to a non-characteristic subgroup of

Q.



Let G, @ be finite groups. Let ¢€(G) be the
family of all conjugacy classes of subgroups
of G. We usually assume that the elements of
¢(G) are ordered non-decreasingly. The matrix
whose H, K-entry is #£(KH) is called the table
of marks of G (where H, K run through all the
elements in €(G)).



The Burnside ring of GG, denoted B(G), is the
subring of ZQ(G) spanned by the columns of
the table of marks of G. It is easy to see that
if G and @ have isomorphic tables of marks,
then they have isomorphic Burnside rings; the
converse is an open problem.

Definition 1. Let ¢ be a function from ¢(G)
to €(Q). Given a subgroup H of G, we denote
by H' any representative of ¥ ([H]). We say
that ¥ is an isomorphism between the tables
of marks of G and @ if ¢ is a bijection and if
#(K'H"Y = #(KH) for all subgroups H, K of
G.



Two non-isomorphic groups of order
96 with isomorphic tables of marks

Let S3 be the symmetric group or order 6. Let
Cg be the cyclic group of order 8, generated
by x, and let C> be the cyclic group of order
2, generated by y.

Let & be the only non-trivial homomorphism
from S3 to Cg. Let W denote the group 53 X
Cg. Let a be the automorphism of W given by
a(\, z') = (X, z'())), and let 8 be the auto-
morphism of W given by B(\, %) = (\, 2*6(\)).



Since o has order two, we can define the group
G as the semidirect product of W with C5 by «,
that is, in G we have that y(\, z")y = a(\, z%).
Similarly, we define the group @ as the semidi-
rect product of W and (> by 3; in Q we have
that y(\, z")y = B(\, z*). We shall denote the
elements of both G and Q as Az'y’.



Note that in GG, x and y commute, and the
centre of (G is therefore the subgroup generated
by z, which is a subgroup of order 8; however,
x and y do not commute in ), and the centre
of Q is the subgroup generated by z2, which is
a subgroup of order 4. In particular, we also
have that G and @) are non-isomorphic groups
of order 96.



Theorem 2. Let S be a subset of G (and there-
fore S is also a subset of Q). Then S is a sub-
group of GG if and only if S is a subgroup of
Q. Moreover, two subgroups are conjugate in
G if and only if they are conjugate in @Q, and
the identity map on the family of conjugacy
classes of subgroups defines and isomorphism
between the tables of marks of G and Q).

Proof: See Two non-isomorphic groups of or-
der 96 with isomorphic tables of marks and
non-corresponding centres and abelian subgroups,
Communications in Algebra, 2009.



Theorem 3. The subgroup of () generated by
x IS not a characteristic subgroup. In partic-
ular, the isomorphism of tables of marks be-
tween G and Q maps the centre of G to a
non-characteristic subgroup of Q).

Proof: We construct an automorphism of @
that does not preserve the subgroup generated
by x. Let n:Q — @Q be given by

. . . .2 . ) ‘ . 1_S . A
77()\$2y7> — )\x32—|—6z +<1 Sgn()\)) (22+3)y2+3++()

We claim that for a generator g of () and
an arbitrary \z'y/ we have that n(gizly!) =
n(g)n(\z'y?), where g can be (1,2),(1,2,3), z, v,
SO n is indeed a homomorphism.



g=(1,2):

n((1,2)(Ax'y?)) = n((1, 2)Az'y’)

_ (1 2)>\x5i+6i2_2i59n((1,2))\) —33gn((1,2))\)_|-3

it 1-Sgn ((1,2)>\)
J )

= (1,2) ,\x5i+6i2+27:59n(x>+3sgn(A)+3yi+j+%@nm

On the other hand:
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n((1,2))n(Az'y’)
_ ((1, 2)x6y) ()\x5i+6i2—2i59n()\)—3Sgn()\)—|-3
yi+j+—1‘sg”“)>

= (1,2)\
x6—|—5[5i—|—6i2—2ngn()\)—3Sgn()\)—|—3]—|—2(1—Sgn()\))

it

— (1, 2))\xi+6i2—2ngn()\)—Sgn()\)_|_7y1_|_Z'_|_j 1—Sgn(k)

T hese two expressions coincide, because:

(5@' + 2iSgn(N\) 4+ 3sgn(\) + 3)—
(i — 2iSgn(X) — Sgn(\) +7)

= 44+ 4isgn(A) + 4sgn(\) + 4
= 4((1 + Sgn(\)(i+ 1))



g=1(1,2,3):

n((1,2,3)(Az’y?)) = n((1,2,3)Az"y/)

. 2_ . .
_ (172’3)>\$52—|—6z 2239n((1,2,3))\) 3Sgn((1,2,3))\)-|—3

yz+]_|_ 1-Sgn ((21,2,3)>\)

= (1,2, 3))\x5i—|—6z’2_2i59n()\)—3sgn()\)+3yi+j+%”(>\)
On the other hand:

n((l, 2, 3))77<)\:1:iyj>
— ((1) 2 3)) <A$5i+6i2—2i5gn()\)—SSgn()\)—I—S

-y - 1=Sgn(A
ittt >)
= (1,2 3))\x5i+6i2—2ngn()\)—3Sgn()\)—|—3

i+
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g=1y.

n(yziy?) = n( A2 T2-259n(A) 147
_ )\ 5[5i+2—25gn(N)]46[5i+2-25gn()\)]?—

2[5i+2—259n(>\)]59n(>\)—3Sgn(>\)+3y1+¢+j+%w

_ )\xz'+6z'2—27;sgn(x)—sgn(x)+1y1+i+j+%n(k)

On the other hand:

n(y)n(Aa'y?) = y(AeDi+6i°-2iSgn(N)-35gn()+3
154 1=5gn(A)

yz-l—9+ 5 )

— ) 5[5i+6i°—2iSgn(A\)—3Sgn(N)+3]+2[1—-Sgn(N)]
it

_ )\xz’—|—6i2—2i59n()\)—Sgn()\)—|-1y1_|_z'_|_j_|_1—Sgn(>\)
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g==x
n(zAz'y’) = n(xltiyl)

_ )\x5(1+z‘)+6(1+z‘)2—2(1+i)sgn(/\)—3sgn(A)+3
L+

— )\xi—|—6i2—2ngn()\)—SSgn(A)—|—6y1-|—@'_|_j_|__1—Sgn(>\)

On the other hand:

n(z)n(\z'y’)) = (zy) ()\x5i+6i2—2i59n(>\)—3Sgn(>\)—|—3
4 s 1-Sgn())

yz-l—]+ 5 >

= )\:U1+5[5i+6i2_2i59n(>\)_359n()\)+3]+2(1—Sgn(>\))

L+

— )\x2+’i+6i2—2i59n()\)—Sgn()\)y1+z’—|—j—|——1_5g”(>‘)
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T hese two expressions coincide because:

(6 - SSgn()\)) _ (2 _ Sgn()\)) = 4(1 — Sgn()\))

T herefore n is a group homomorphism.

Moreover,
(1,2) = n((1,2)z%), (1,2,3) =n(1,2,3),

r = n(zy), y = n(y)

SO n must be an automorphism. Finally, note
that n(x) = 2y, so the subgroup generated by
x IS not a characteristic subgroup of Q.
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